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Abstract The fully developed slip ﬂow in an annular sector duct is solved by
expansions of eigenfunctions in the radial direction and boundary collocation on
the straight sides. The method is efﬁcient and accurate. The ﬂow ﬁeld for slip
ﬂow differs much from that of no-slip ﬂow. The Poiseuille number increases with
increased inner radius, opening angle, and decreases with slip.
c© 2014 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1403202]
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Slip ﬂow, where the ﬂuid exhibits partial slip relative to a solid boundary, has become im-
portant especially in many engineering processes. Contemporary applications include ﬂow of
rareﬁed gases,1 ﬂow past lubricated or coated walls, transport of particulate ﬂuids of emulsions,
suspensions, foam and polymer solutions,2 ﬂow over rough surfaces,3 and ﬂow in superhydropho-
bic microchannels.4 The partial slip condition was due to Navier5 when the no-slip condition has
not yet been widely accepted. Navier condition assumes the local (tangential) slip velocity ut is
proportional to the local shear stress τ
ut = Sτ. (1)
Here S is a proportionality constant, usually obtained from experiments.
For slip ﬂow in long ducts, we normalize all lengths by a cross sectional characteristic length
L, the axial velocity by GL2/μ , where G is the pressure gradient and μ is the ﬂuid viscosity. When
S is equal to 0, it is no-slip ﬂow, and numerous solutions, exact or approximate, exist.6 However,
for slip ﬂow the solutions are much fewer due to the difﬁculty of the boundary condition Eq. (1).
Only several exact solutions for slip ﬂow in a duct have been found, including parallel plates,
circular, annular, elliptic equilateral triangular, and rectangular ducts.7 For all other cross sections,
fully numerical or semi-numerical methods need to be used.8
Consider the annular sector duct which is applicable to multi-passage internally ﬁnned tubes
or ducts which need to conform to a curved boundary. The no-slip problem has been done by
Sparrow et al.9 using eigenfunctions in the azimuthal θ direction. However, for slip ﬂow on any
radial boundary the Navier condition Eq. (1) is not separable if S is not equal to 0.
In this paper we solve the slip ﬂow in an annular sector duct using eigenfunctions in the radial
direction r instead.
Figure 1 shows the cross section of an annular sector duct bounded by straight sides θ =±β
and circular arcs r = 1, r = b < 1. In cylindrical coordinates the Navier–Stokes equations reduce
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Fig. 1. Cross section of the annular sector duct.
to
∂ 2w/∂ r2+(1/r)(∂w/∂ r)+(1/r2)(∂ 2w/∂θ 2) =−1. (2)
The boundary conditions are
w(1,θ)+λ (∂w(1,θ)/∂ r) = 0, w(b,θ)−λ (∂w(b,θ)/∂ r) = 0, (3)
w(r,β )+(λ/r)(∂w(r,β )/∂θ) = 0, w(r,−β )− (λ/r)(∂w(r,−β )/∂θ) = 0, (4)
where λ = Sμ/L is the non-dimensional slip coefﬁcient. As noted before, Eqs. (3) and (4) shows
that eigenfuctions in the θ direction do not exist. Let us express the solution in a series w =
w0(r)+∑∞n=1AnRn(r)cosh(αnθ). Here w0 is an axisymmetric solution satisfying Eq. (2) and the
slip boundary conditions w0(1)+λ (∂w0(1)/∂ r) = 0, w0(b)−λ (∂w0(b)/∂ r) = 0. The solution
is the velocity in an annulus
w0 =
−b(1− r2+2λ ) lnb+(1+b)[λ (1−b+b2+2λ −2bλ − r2)+b(1−b+2λ ) lnr]
4(λ +bλ −b lnb) . (5)
The coefﬁcients An are to be determined, and Rn(r)cosh(αnθ) satisﬁes Laplace’s equation, giv-
ing Rn = sin(αn lnr)− λαn cos(αn lnr), which also satisﬁes the slip boundary condition at the
outer arc. The slip boundary condition at the inner arc gives the characteristic equation for the
eigenvalue αn
F =
(
1−λ 2α2n/b
)
sin(αn lnb)−λαn (1+1/b)cos(αn lnb) = 0. (6)
Using perturbation theory for large λαn one can ﬁnd the approximation for large λ
αn = nπ/|lnb|+(1+b)/(nπλ )+O((nλ )−2). (7)
Table 1 shows the ﬁrst ﬁve eigenvalues from Eq. (6) for various b and λ . Note that the approximate
formula Eq. (7) is quite acceptable for λ  1 and n > 2.
Sincew is even in θ , the last boundary condition is satisﬁed by point match on θ = β . Truncate
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Table 1. The eigenvalues αn. The approximation Eq. (7) is in parentheses.
b = 0.25 b = 0.5
λ = 0.1 λ = 1 λ = 10 λ = 0.1 λ = 1 λ = 10
1.711 0 0.838 1 0.295 9 3.248 1 1.394 3 0.467 5
3.589 5 2.600 2 2.305 3 (2.306 0) 6.843 1 4.964 0 (5.009 8) 4.579 6 (45.801)
5.600 1 4.721 1 (4.731 3) 4.552 2 (4.552 3) 10.771 9.296 8 (9.303 5) 9.088 5 (9.088 6)
7.685 8 6.928 0 (6.931 2) 6.811 8 (6.811 8) 14.916 13.754 (13.756) 13.613 (13.613)
9.817 8 9.162 8 (9.164 2) 9.074 7 (9.074 7) 19.190 18.248 (18.249) 18.141 (18.141)
11.981 23.543
14.167 27.945 (27.990)
16.368 (16.432) 32.380 (32.409)
18.582 (18.627) 36.836 (36.858)
20.805 (20.838) 40.308 (40.322)
b = 0.75
λ = 0.1 λ = 1 λ = 10
6.456 7 2.413 1 0.778 2
14.648 11.451 (11.477) 10.976 (10.976)
24.244 22.116 (22.119) 21.896 (21.896)
34.487 32.946 (32.947) 32.780 (32.780)
45.015 (45.074) 43.820 (43.821) 43.695 (43.695)
55.685 (55.716)
66.432 (66.451)
77.227 (77.238)
88.051 (88.059)
98.897 (98.902)
the inﬁnite series to N terms and choose evenly spaced points ri = b+(1−b)(i−0.5)/N. Then
Eqs. (3) and (4) give
N
∑
n=1
AnRn(ri)
(
cosh(αnβ )+
λαn
ri
sinh(αnβ )
)
=−w0(ri), i = 1,2, · · · ,N. (8)
Equation (8) is a set of linear algebraic equations which can be easily inverted for An. The ﬂow
ﬁeld is then completely determined. The ﬂow rate is
Q = 2
∫ β
0
∫ 1
0
wrdrdθ = 2β I0+2
N
∑
n=1
AnIn
sinh(αnβ )
αn
, (9)
where
I0 =
∫ 1
b
w0rdr = {(1−b2)(1+b)[λ 2(1−4b)+λ (2−b)2+b(b−1)]+
b[b4−1−4(1+b2)λ ] lnb}/{16[λ (1+b)−b lnb]}, (10)
In =
∫ 1
b
R(r)rdr = [(1+2λ )αn(b2 cos(αn lnb)−1)−
b2(2−λα2n )sin(αn lnb)]/(4+α2n ). (11)
The Poiseuille number (friction factor-Reynolds number product) is Po = 8A3/(P2Q) where
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A = (1−b2)β is the normalized area and P = 2(1−b)+2(1+b)β is the normalized perimeter.
Using the eigenvalues given in Table 1, the Poiseuille number is determined. The accuracy
can be improved by increasing N. The convergence is fairly fast. In general N = 8 is sufﬁcient for
at least four digits of accuracy. Table 2 shows the approach to the no slip value as λ approaches
zero.
Table 2. Approach to the no slip Poiseuille number for b= 0.5, β = π/4. The value of Shah and London6
for no slip ﬂow is indicated by an asterisk.
λ 0.1 0.01 0.001 0.000 000 1 0
P0 7.690 1 14.298 15.915 16.130 16.129*
The effect of slip dramatically alters the constant velocity lines. Figure 2 shows the case
for an opening angle 2β = π/2 and b = 0.5. For no-slip ﬂow the velocity is zero on the walls.
As slip increases, the velocity on the boundary not only increases but becomes highly uneven.
Figure 3 shows the case for 2β = π and b = 0.25. As slip is increased, the constant velocity lines
become less constrained by the walls and tend to be more circular. Figure 4 is a highly curved
duct, 2β = 2π and b = 0.75. It represents an annular duct with one radial partition. For no-slip
ﬂow (Fig. 4(a)) the constant velocity lines are mostly concentric (annular ﬂow) except for the
region near the partition. The effect of the partition is about 1.5 gap widths. As slip is increased,
the effect of the partition or the ends reaches deeper into the duct. Figure 4(b) shows the very
interesting constant velocity lines for large slip. They are completely different from the no-slip
ﬂow. Also, since these lines are not parallel the walls, the annular ﬂow approximation is never
valid, even when the cross sectional geometry would suggest so.
Table 3 gives the Poiseuille numbers for slip. We see that slip greatly decreases the Poiseuille
number.
Table 3. Poiseuille numbers for the slip case (λ = 0).
λ b β
π/6 π/4 π/3 π/2 2π/3 3π/4 π
0.25 6.879 7.626 8.169 8.989 9.589 9.830 10.39
0.1 0.50 6.451 7.191 7.734 8.464 8.922 9.091 9.456
0.75 5.232 5.686 5.961 6.276 6.450 6.511 6.636
0.25 1.247 1.490 1.652 1.858 1.988 2.037 2.146
1 0.50 1.115 1.266 1.362 1.478 1.548 1.574 1.630
0.75 0.740 5 0.796 9 0.829 6 0.866 8 0.887 5 0.894 7 0.909 8
0.25 0.136 8 0.166 4 0.186 5 0.212 2 0.227 9 0.233 7 0.246 2
10 0.50 0.121 0 0.138 8 0.149 9 0.162 8 0.170 2 0.172 8 0.178 3
0.75 0.078 1 0.084 0 0.087 4 0.091 0 0.093 0 0.093 6 0.095 0
Due to the difﬁculty of Navier’s partial slip condition, we use a semi-analytic method where
the solution is expanded in eigenfunctions in the radial direction and point match collocation is
used on the straight sides. Although the eigenvalues do not have closed form representation,
we supplied asymptotic approximate formulas for the higher eigenvalues. The method is highly
efﬁcient since only a few terms in the series are sufﬁcient for a four-digit accuracy.
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Fig. 2. Constant velocity lines w for b = 0.5,
β = π/4.
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Fig. 4. Constant velocity lines w for b = 0.75, β = π.
How large is the slip factor λ? For rareﬁed gases, λ is about 0.1, for superhydrophobic
microchannels, λ is about 6, and for glycerine lubricated by water, λ is about 12.10 Our tables for
the Poiseuille number would be useful in the design of annular sector ducts.
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